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Oh! Abstract 
D , 

>-Ch ■ We use the Kontsevich-Miwa transform to relate the different pictures describing mat- 

ter coupled to topological gravity in two dimensions: topological theories, Virasoro con- 
^ \ straints on integrable hierarchies, and a DDK-type formalism. With the help of the 

^ • Kontsevich-Miwa transform, we solve the Virasoro constraints on the KP hierarchy in 

^ terms of minimal models dressed with a (free) Liouville-like scalar. The dressing prescrip- 

tion originates in a topological (twisted N = 2) theory. The Virasoro constraints are thus 
related to essentially the N = 2 null state decoupling equations. The N = 2 generators 
are constructed out of matter, the 'Liouville' scalar, and c = — 2 ghosts. By a 'dual' con- 
struction involving the reparametrization c = — 26 ghosts, the DDK dressing prescription 
is reproduced from the N = 2 symmetry. As a by-product we thus observe that there are 
two ways to dress arbitrary d < 1 IJ ^ 25 matter theory, which allow its embedding into 
a topological theory. By the Kontsevich-Miwa transform, which introduces an infinite 
set of 'time' variables tr, the equations ensuring the vanishing of correlators that involve 
BRST-exact primary states, factorize through the Virasoro generators expressed in terms 
of the tr- The background charge of these Virasoro generators is determined in terms of 
the topological central charge Ct^S as Q — ' — 
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1 Introduction and discussion 



1.1 Virasoro constraints as decoupling equations 

An important result of matrix models [||, ^ was the discovery of an 'integrable' counterpart 
of the topological gravity + matter theories in two dimensions, in the form of constrained 
integrable hierarchies [§, ^, §]. A central notion of the 'integrable' formalism is the string 
equation [Q, or, which is essentially the same, the Virasoro constraints which must encode 
the 'dynamical' content of the theory and therefore must somehow be related to continuum 
field-theoretic formalism. 

However, an immediate problem that one encounters when attempting to construct a direct 
correspondence between the integrable and the continuum formulations, is how to interpret 
in 'intrinsic' CFT terms the infinite collection of time parameters which label the integrable 
evolutions (in the language of topological theories the times appear as 'external' parameters 
that allow one to write down the generating function for the amplitudes 0, H). In terms of 
these times tj.>i, the most general Virasoro constraints on the tau function of the KP hierarchy 
read LpT = 0, p > —1, where 

2 ^_-|^ dtp^gdtg ^-^^ dtp^g V 2/ dtp 
Lo = E^^«|- (1-1) 
L_i = ^(s + l)t,+iA 

with J being a free parameter^. 

We will show that a conformal field theory can be recovered as a solution to these Virasoro 
constraints. To start with, recall that there does exist a transformation, known in the theory 



of integrable systems as the Miwa transform 0, |T5[, which expresses the (complexified) KP 



times through 'complex coordinates' living on the spectral parameter worldsheet: 



^For J arbitrary, the constraints are more general than those actuahy derived from matrix models. However, 
our point of view is to promote to a 'first principle' the fact that appropriately constrained integrable hierarchies 
provide an alternative description of topological quantum gravity 0, |l^, which would make it natural to 
consider on an equal footing various constraints, including those whose derivation from a specific matrix model 
is not known (yet). This point of view has also been advocated previously in |l3|. 
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ir = -Y.^jZj'-, r>l (1.2) 

where {zj} is a set (infinite in order that the tr be independent) of points on the complex 
plane. As far as the integrable systems were concerned, the main interest in applications of 
(|1.2|) was concentrating around rewriting the integrable equations (taken in the Hirota form 
[|16|) as finite-difference equations in the rij. On the other hand, in a context much closer to 
that of the present paper, Kontsevich has used a parametrization for the time parameters 
similar to ( |1.2| ), in which, however, the Zj, rather than the n^, were playing the 'active' role. 



while all the Uj were set to a constant (see also [0-[Q). 

We will combine these two points of view on the transformation (|1.2| ) by regarding it as a 
set of transformations from the complex coordinates Zj to the times t^? parametrized by the n^, 
and call it the Kontsevich-Miwa transform . The question now is how meaningful CFT data 
can be recovered by applying ( |1.2| ) to the KP hierarchy constrained by the operators ( |1 . 1| ) . 

A mathematical statement which we observe to underlie the sought correspondence, is 
formulated in Sect. 7 as a theorem on a class of differential operators. However, we would prefer 



to adopt a more physical standpoint. We are going to interpret the Zj introduced via eq. ( |1.2|) 



as positions of certain operator insertions in a conformal theory [p!5|. Ell]. The parameters 



rij will then provide a necessary freedom allowing us to relate the Virasoro constraints ( pTT 
to decoupling equations corresponding to null states in the conformal theory. The relation 
with the decoupling equations is a crucial step that will allow us to go beyond the standard 



'fermionic'/Grassmannian construction for the tau function^]. The decoupling equations are 
a primary tool in the analysis oi d<l models, and the study of the corresponding null vectors 
has a history of its own p3|-|^; the relevant structures are known to possess in certain cases 
relations to other problems in physics and mathematics |2^, |2^, ^ . It will be amusing to find 



that the null vectors incorporate the set oip>—l Virasoro constraints (obviously, the Virasoro 
generators Lp are quite distinct from the Virasoro generators represented on a CFT). 

More specifically, the Kontsevich-Miwa transform relates the Virasoro constraints to mini- 
mal models that turn out to be dressed with an extra scalar that plays a similar role to that 



of the Liouville field in the formalism of [pTj |3^ . The Miwa parameters rij then acquire the 



meaning of the corresponding f/(l) 'Liouville' charges. The correspondence is achieved via an 
^ See also ref. p2[ in which solutions to string equations were constructed in the Grassmannian language. 
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ansatz |2l[] presenting the (Virasoro-constrained!) tau function as a correlator of a product of 
certain dressed primary field operators in a minimal model: For any value of the index i chosen, 
the constraint 



Y.z-'-Xr = (1.3) 

p>-i 

determines the dependence of r(t) = r{z} on Zi via 

T={...^iz,)...), (1.4) 

where is a dressed (/, 1) or (1, 1) primary state (thus possessing a null descendant at level 
/), and the dots denote insertions at the other points zj^ii of any of the (/', 1) or (1, 1') dressed 
primary fields. Let us concentrate on just the one at Zi. The respective Miwa parameter rij, 
which becomes the 'Liouville' U{1) charge of \Ef, must be related to the 'spin' J parametrizing 
the constraints via 



/ — 1 2nj 

2J - 1 = . (1.5) 



This illustrates the importance of introducing parameters into both the generators (p..lD and 



the ansatz ( |1.2| ) for the KP times. Moreover, we find that all the decoupling equations cor- 
responding to each of the other primary fields in the correlator ( [L.4|) are satisfied by virtue of 
the same set of Virasoro constraints, although the corresponding values of I' and rij/ would in 
general differ from those on the RHS of ( |1.5D . 

Reversing the argument, we can say that the correlators ( |1.4| ) solve the Virasoro constraints. 
This result can be considered as a variation of a general conclusion, drawn from Matrix Models, 
that Virasoro-constrained integrable hierarchies are related to minimal matter interacting with 
topological 2d gravity^ An attempt towards understanding of the ansatz ( |1.4} ) in more general 
terms is given in the next subsection. 
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There is, in fact, a certain gap in the argument, as we do not actually prove the (Miwa-transformed) 



Hirota bilinear equations for the RHS of (1.4). What we can nevertheless show is that the decoupling equations 
satisfied by the correlator in are consistent with the KP evolutions, which is a strong supporting argument 
in favour of the ansatz ( |l.4| ) for the tau function. 
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1.2 Solving Virasoro constraints by a 'target-space' theory 

The approach pursued in this paper is in a certain sense 'dual' to the usual way the time 
variables t,. enter the theory. Recall 0, that these are used as 'sources' or, 'external' param- 
eters, to build up a generating function for the 'string' correlation functions in a topological 
gravity + matter theory: 



logr(t)~EEE 

(0pi • • • 0pjv)/i ^pi ■ ■ ■ ^pn (1-6) 

(a formula of this type is actually valid for a KdV tau function, but we ignore such differences 
in this, very qualitative, discussion). On the other hand, the formulation which we develop 
below expresses the tau function as a single correlation function in what thus becomes an 
'effective' theory in the sense that its genus-zero correlators provide an exact solution to the 
Virasoro constraints and thus account for the sum over all the genera of the 'string' correlation 
functions. The theory on the RHS of ( |1.4| ) might be thought of as living "in the t-space", or. 



in other words, the appropriate two-dimensional space is constructed out of the times/coupling 
constants/deformation parameter^. 

Although the worldsheet correlators involved in eq. (|1.6| ) are those of a topological theory, 
we may try to understand the ansatz ( |1.4] ) qualitatively by considering for instance a more 
familiar object, (the generating function for) the tachyon scattering amplitudes summed over 
all genera |]35|: 



h>0 



E 9'^'-'^ E ]^ / d^^Pi -..J d^PN ( n / rf^Cae^^"^(^"A f (pO . . . f{p^) , ^ ^ 



h>Q N \a=l • 



where the brackets refer to a path integral in the theory with the free action 



S = Jd\dXdX. 



Note also the recent observations g^, ^ that the dependence of the structure functions on the deformation 
parameters in topological theories is governed by the same equations as those describing a space-time dependence 
of certain non- linear soluble systems. 
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with the target-space indices suppressed (so, pX = Pf^Xf^, fi = 1,. . . ,D, etc.). The tachyon 
field T thus plays the role of a set of 'external parameters'. Comparing with the ansatz ( |1.4D , 
we see that for the (hypothetical) 'topological analogue' of ( p..7| ) for D < 2 it would be possible 
to perform the sum over all the genera, which would suggest the 'effective' identifications 

tr ~ f{p) . 

Moreover, the tree effective action corresponding to the theory (|1.71) , which is given as an 
integral over the D-dimensional target space, can be considered for D = 2 a.s defining another 
conformal invariant theory. For D = 2 (the d = l string theory) there is just one propagating 
mode, the massless tachyon, and it is thus plausible that the quantum string theory loop 
expansion can be effectively represented by a quantum field theory, which (since D = 2 and the 
metric is also quantized) can in fact be a conformal theory. The from ( p..4|) are then to be 
thought of as operators of this theory, which must in principle be determined by the effective 
action^. Then, the ansatz (|L^) suggests that an appropriate 'topological version' of the above 
argument is apparently true for d<l a.s well, with the effective theory being just the dressed 
minimal model (in fact, as we discuss later, essentially an A^ = 2 minimal model!). 

Also for d = 1, the way the space-time dependence (i.e. that on the Zj) emerges can probably 
be considered along the lines of ref. [Q, where two sets of times appeared, tr and tr, which 



leaves a possibility to express one of them via the Zj, as in ( |1.2D , while viewing the other set 
as 'external' parameters. As a related problem, let us note that of the correspondence between 
the ansatz (|1.4|) and the standard 'fermionic' representation for the tau function: while the 



fermionic/Grassmannian construction of ref. |]T6l applies to a general tau function, eq. ([T 



necessarily gives a solution to the Virasoro constraints (and, at the same time, refers to a 
particular central charge-rf model). It may be expected that, for d = 1 at least, bosonizing 
the matter (which would leave us with just two, the matter and the 'Liouville', scalars) would 
allow a 'decoupling' of one of the two scalars and refermionizing of the remaining one into the 
'standard' fermions. 

1.3 Decoupling equations as BRST invariance 

Given a minimal model and wishing to relate it to the Virasoro constraints, we would have 
to dress it with an extra scalar in a particular way, called the 'Kontsevich-Miwa' dressing pre- 
^ We are grateful to R. Dijkgraaf and A. Tscytlin for important discussions of this point. 
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scription, which would then allow us to interpret the U{1) charges as the Miwa parameters and 
eventually recover the Virasoro constraints from the decoupling equations. An important point 
is that these latter must also be chosen in a special way from a family parametrized by the U{1) 
charge of the primary fieldQ. These particular recipes, which make the decoupling equations 
amenable to the Kontsevich-Miwa transform, are in fact inherited from BRST invariance in a 
topological theory. Namely, the 'Kontsevich-Miwa' dressing prescription follows from the con- 
ditions defining chiral primary states [^] of the twisted N = 2 {'topologicaV) algebra |39| . 
In addition, the particular decoupling equation to be chosen among a family of decoupling 
equations parametrized by the 'Liouville' charge, is determined just by the BRST-invariance 
condition in the topological algebra. Thus 'i/ie' decoupling equations that are related to Vira- 
soro constraints are essentially those of the N = 2 model. We employ here the fact that any 
d<l[jd>25 matter can be embedded into a topological (twisted N = 2) theory, according to a 



construction |40] of the topological algebra generators in terms of matter + 'Liouville' + be sys- 
tem fields. Unlike the case with the usual reparametrization ghosts, the b field has conformal 
dimension 1 f\. We call this the 'mirror' BRST construction, in contrast with another one 
involving c=— 26 reparametrization ghosts (see below). Then, the condition that the BRST- 
exact states be factored out from the representation of the topological algebra, boils down, 
in the matter -|- 'Liouville' sector, to the 'Kontsevich-Miwa'-dressed decoupling equations (i.e. 
precisely those decoupling equations that allow the Kontsevich-Miwa transform and thereby 
lead to the Virasoro constraints). 



On the other hand, exploiting the other realization |^ of the topological algebra, which 
involves spin-2 c= —26 ghosts, allows us to recover the basic features of the DDK formalism. 
This can be summarized in a diagram. 



^This choice does not mean any loss of generality; it specifies a particular 'lifting' of an arbitrary purely- 
matter null vector into a null vector in the tensor product theory. 

^ So that, if one chooses to bosonize the matter, one would have two scalars with the opposite signatures 
and spin-(l,0) ghosts, which constitute a topological sigma model in a flat 2D target space. 
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'Kontsevich-Miwa' 
dressed matter 



\ 



C ^ 3 topological 
algebra 



d < 1 U d > 25 matter 



DDK-dressed 
matter 



which apphes to an arbitrary d<\\]d>^2'b matter theory and thus shows that any such theory 
can be embedded into a topological theory with topological central charge (or, the 'anomaly') 
C7^3 0. The lower arrows tell us that the matter part identified inside the matter + 'Liouville' 
theory is of course the same in both cases, as given by refs. |2^, It appears that only the 

'Kontsevich-Miwa' dressed version is related directly to the integrable formulation, while the 
two dressings should represent 'mirror' versions of the same theory; as we discuss in Sect. 3A, 
they both result from the two possible twistings of the proper N = 2 algebra. 

The matter central charge d is given by 



d 



(c+ l)(c + 6) 
c-3 



:i.9) 



in terms of the topological central charge c, and therefore the restrictions d<l oi d>2b might 
be viewed as a result of the 'breakdown' of the twisted N = 2 symmetry. The standard formula 
for the dimension of the (/, 1) highest-weight states then follows from the N = 2 machinery as 



5(0 



4 



c-3\±^ 1 
6 ■ + 



13-rf±./(l-rf)(25-rf) , 1 



l 



48 



:i.io) 



Note also that as c grows from — oo to 3 and from 3 to +00, each of the allowed values of d 
is taken twice, except for the extrema of the function (|1.9|), (c = — 3,(i=l) and (c = 9,(i = 25). 

* The issue of interpreting matter theories together with the corresponding ghosts as topological theories 
was addressed probably for the first time in [E2| . The relation Eol between the twisted N = 2 theories and the 



ordinary matter, as given by the two right arrows in (f.8), has recently received in p3| a powerful generalization 



to the case of W matter. It is a particular case of the equivalence of categories investigated i n fp4[. 

The null vectors in the matter sector (without dressing) are of course the standard ones HTll- Thus the 
U{1) current might be considered superficial, as soon as it cannot affect the 'dynamical' content of the story, 
which can only be based on the Virasoro null vectors. This is, however, precisely what we mean by dressing: 
the role of the C/(l) current is to rearrange the standard decoupling equations so as to make them amenable to 
the Kontsevich-Miwa transform; the current does this job 'uniformly' for different-level decoupling equations. 
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Thus the topological central charge provides a 'two-sheeted covering' of the allowed region of 
the matter central charge. 

By topological central charge we mean here the parameter (the true central charge of the 



untwisted N = 2 algebra |3^, |39|) appearing in the topological algebra 



\^mi Qn] 
{Gmi Qn\ 



(m — n)C 



m+n 1 



fT'Qm+n } 



-m5. 



m+n,0 1 



["^m,) Qn\ Qm+n i 

[Hm^ Qn\ — Qm+n y 



-nUm+n + -{m^ + m)5m+nfl , 

o 

"^^m+n ~ 2?27Ym+n + g ~^ ^)Sm+n,0 ; 



m, n G Z 



We thus establish a path leading from ( |1.11| ) to the Virasoro constraints The relation 

between, say, and Lp appears not quite obvious. In particular, we will see that (for c < 3, for 
instance) the respective parameters are related via J = | + — \J ■ We will proceed in 

two steps, by first reducing from the BRST-exact topological states to the 'Kontsevich-Miwa' 
dressed decoupling equations, and then extracting from the latter the Virasoro constraints. 

The fact that it is essentially the N = 2 symmetry that leads to both the DDK formalism 
and the Virasoro constraints, suggests regarding it as a certain unifying notion. In a worldsheet 
phase the N = 2 generators split into reparametrization ghosts plus matter (including the Liou- 
ville), while a different splitting involving c = —2 ghosts (cf. [^) is related to the 'integrable' 
formulation. The two pictures differ by choosing one out of the two possible twistings of the 



proper N = 2 algebra ||52 |. 

It was first observed in that the level-2 decoupling equations essentially coincide with 
the Virasoro constraints ( |1.3| ) in which the background charge 2J — 1 is given by eq. ( |1.5D for 
/ = 2. The level-/ generalization, as given by ( p..5| ), was further suggested in However, 
the interpretation given there of the Kontsevich-Miwa transformed level-3 decoupling equation 
requires being corrected. The actual mechanism underlying the correspondence between Vira- 
soro constraints and the decoupling equations has proved to consist in the factorization of the 
decoupling equations through the Virasoro generators ( p..l| ) with the appropriate background 
charge (|1.5| ). 
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This paper is organized as follows. In Sect. 2, we review the issue of the Virasoro-constrained 
KP hierarchy and give a preliminary analysis, to be considered as a motivation (or, as an 
'elementary explanation') for the subsequent use of the Kontsevich-Miwa transform, which 
relates the 'integrable' formalism to the conformal field-theoretic data. As a 'toy' case, we 
subject the tau function to only the L±i and Lq constraints, and show that these are precisely 
the projective Ward identities of the corresponding conformal theory, provided the parameters 
involved satisfy certain relations. Starting with Sect. 3, we adopt as a 'first principle' the notion 
of twisted N = 2 symmetry and show how the associated BRST-invariance condition gives rise 
to exactly the decoupling equations that turn into the Virasoro constraints via the Kontsevich- 
Miwa transform. To 'legitimate' taking the topological algebra as a starting point, we show in 
the Appendix to Sect. 3 that the other reduction of the topological algebra gives the standard 
DDK formalism. The dressed decoupling equations that follow from the BRST-invariance 
condition for ghost-independent correlators can also be constructed directly, by imposing certain 
restrictions on the general tensor product null vectors. This is considered in Sect. 4. Further, in 
Sect. 5 we show that the Kontsevich-Miwa transform leads to a reformulation of the decoupling 
equations in terms of Virasoro constraints. In Sect. 6, we suggest a generalization of the lowest-/ 
cases to arbitrary 1. Sect. 7 contains several concluding remarks and an outlook. 



2 Constrained KP hierarchy and 
the Kontsevich-Miwa transform 

2.1 KP hierarchy 

Let us start with the KP hierarchy . It can be described either in the evolutionary form, 
as an infinite set of equations on (coefficients of) a pseudodifferential operator, or as (Hirota) 
bilinear relations on the tau function. The tau-functional description may be considered as 
having the more direct relevance to 'physics', being related to the partition function, while the 
evolutionary form has all the usual advantages due to the introduction of a spectral parameter 
and the associated wave function. The wave function depends on the spectral parameter z via 

^^^^ (2.1) 

^(t, Z) = XZ + trZ"^ 
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where 



t ± [z-'] = (^t, ± z-\ t2 ± ^z-^ ts ± . . .) . (2.2) 

(the plus signs are encountered in the adjoint wave function). Here t = (ti,t2,^3, • • •) are the 
time parameters of the hierarchy. Knowing the wave function w{t,z) allows us to construct the 
dressing operator K as 

w{t,z) = l + Y.w^{t)z-'' =^ K=l + Y,Wn{t)D-^, D = ^. (2.3) 

n>l n>l "^-^ 

Now the evolution equations on K read 

-^K = ~{KD'K-^)_K, r > 1 (2.4) 

The above form of z dependence, eq. ( p.2|) , is 'simulated' by the Kontsevich-Miwa para- 
metrization (|1.2|) for the times tr] its heuristic similarity to (|2.2| ) may be considered as an 
'explanation' of its viability. Below, the Miwa parameters rij will acquire the role of 'Liouville' 
f/(l) charges of field operator insertions sitting at the points Zj. 

2.2 Virasoro constraints 

As was noted in the Introduction, we will consider, on the KP hierarchy, more general 
constraints than those that have actually been derived from specific matrix models, by allowing 
the constraints to depend on a parameter J. That is, we introduce the constraints 



Lpr = 0, p>-l, (2.5) 

with the Virasoro generators Lp as given in eq. (|1 . 1|) . The parameter J, which would have 
parametrized the central charge as — 2(6J^ — 6J + 1), had the L<_2 generators been involved 
as well, can be thought of as the 'spin' (dimension) of an abstract be system underlying the 
Virasoro generators, Z]„gZ Ln-^"""^ ~ (1 — J)96c — ^b^c. 

That the action on the KP hierarchy via the generators ( |1 . 1|) is compatible with the KP flows 
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has been proved in [^] (see also [^] and references therein). Indeed, when the infinitesimal 
action r L„r is translated into an action on dressing operators, it becomes 



K ^ LpK = [K{^{p + 1)DP + PDP+^)K-^j_K, 
P = x + Y, rtrD'-^ = x + ti + 2t^D + ... 



(2.6) 



r>l 



It is now completely straightforward to check [17] the compatibility of this action with the fiows 
(|2.4|) , which holds irrespectively of the value of J. Hence follows, in particular, the consistency 
of the hierarchy fiows with the Virasoro constraints. 



Note that eq. (|1.2|) allows us to rewrite the Virasoro generators Lp as 



1\ T^-l 



(2.7) 



and therefore the constraint 



takes a rather suggestive form^ 



y: l,z-^-' = 
p>-i 



(2i 



d 



^ ' -K-^] =0, 



Zj-D^ z-D 



(2.9) 



2.3 Why the Kontsevich-Miwa transform? 



It will be shown in the subsequent sections that the Virasoro constraints ( |2.5| ) can be solved 
by substituting for the tau function, considered as a function of the Zj, the ansatz 



t{zj} = lim (^i(2i)...^^(2;jv)) 



(2.10) 



From the results of Q we know that the quasiclassical ('dispersionless' js^l) hmit of (2.7) or ( |2.9| ) would 
give a reformulation of the Virasoro constraints in the Landau-Ginzburg theory. Then, by the construction of 
the present paper, which relates the Virasoro constraints to the (essentially = 2) decoupling equations, the 
resulting 'quasiclassical' equation should be a Landau-Ginzburg reformulation of the decoupling equations of a 
(twisted) N^2 model. 
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with ( ) and the being, respectively, the chiral correlation function and primary field 
operators in a conformal field theory on the z plane. These CFT ingredients will be constructed 
systematically in the subsequent sections, while now we would like to consider, as a motivation, 

a 'toy' case involving only three constraints, I i, Lq and Li. This would already allow us to 

see how the standard CFT notions can enter the game. 

The j operators will be identified as those of a minimal conformal model tensored with an 
extra current J. The role and the origin of the current will be discussed below in some 
detail, but all we need to know at the moment is that the Virasoro generators can be chosen 
in such a way that there is a zero background charge in the f/(l) sector, and therefore the 
correlators of exp/5j0(2;j), 0(2;) ~ /^/, can be evaluated easily. Moreover, it turns out that the 
exponents /3j required by the dressing prescription must be equal to the Uj. Thus, 



n^.(%) > = iK^'^ - ^/)~"''-"'(n^.(^.)) , (2.11) 

3 ' k<l ^ j ' 

where the ipj should pertain to a minimal conformal model. Recall further the 'projective Ward 



identities' IE 



j:(,.«|_+(p+i),j,,)(n,,fe)>-o. ^^^^^ 

p=-l,0,l, 

where 6j is the conformal dimension of ipj. This gives 

^ 1^"^ dz, + 2 ^"^"^ z, - z, ' - ' \V — / " ' (2.13) 

p=-l,0,l. 

It turns out that these equations are nothing but the three Virasoro constraints if we use 
the Kontsevich-Miwa parametrization ( |1.2D Forp = —1, quite simply, the operator in ( |2.13| ) 
is just 




llr 



The fact that the operators on the LHS of eqs. (2.13) form an sh algebra is of course quite trivial; less 



obvious, however, is that transforming the 'projective' sl(2) generators into the time variables allows us to 



anticipate the relations, such as eq. (2.16), between the different parameters, to be derived systematically below 



from the analysis of the decoupling equations. 



12 



E ^ = - E E ^r'§f = -Ur + - -L-1 . (2.14) 

j "^^i j r>l r>l 



Similarly, for p = we get 



.-r-l 9 , 1 



- E E ^/ ^ + 2 EE ^i^fc + E ^3 

j r>l j kj^j j 

-]:rt4y^{^n)\^{,,-% (2.15, 

r>l 

The 'unwanted' terms here have been cancelled by imposing the relation 



= \n] - \q^, (2.16) 

with Q = Y^jTij (we will derive these relations in a more systematic way in ( |6.4| ); for a given 
6j, eq. ( p.l6| ) allows us to determine the corresponding rij). And finally, for p = 1 we obtain 



the operator 

_ d 1 

- E E '7^7 — + 9 EE njUkizj + Zfc) + 2 ^ Zj6j 

j r>0 ^ j j 

d d 

= - E ^iTST ~ E ^trjr + E ^J^iiQ - "j) + 2 E ^J^j (2.17) 

= -Y.^^rjr, Qj^ = -Li, 

r>i Otr+1 Oil 

from which we see that Q takes the role of the background charge underlying the Virasoro 
generators (|1.1|), 



Q = Q = 2J-1. (2.18) 

The above should be viewed merely as a motivation for using the Kontsevich-Miwa transform 
and the ansatz ( |2.1CI| ) for the tau function. It is significant, however, that already such a generic 



property of conformal models as the projective invariance, is captured by the standard L-ti, 
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Lo constraints in terms of the times U, with the parameters involved being related as in eqs. 



The rest of the Virasoro constraints L>2 no longer follow from the projective invariance 
of CFT, but rather from the decoupling equations, which contain the dynamical information 
about a particular minimal model. The actual derivation of the Virasoro constraints from the 
decoupling equations will be considered in Sect. 5. 



Searching for a most systematic approach, we will switch in the next section to the topo- 
logical algebra. It is from the BRST invariance in its highest-weight representations that we 
will be able to recover at the end the (specially dressed) decoupling equations, and then the 
Virasoro constraints ( p.5|) . The above relations (|2.16| ) and ( p.l8| ) will reappear in the course of 
the derivation. 



From the twisted N = 2 and BRST invariance 
to dressed null states 



We start in this section with a construction of the topological algebra (|1.11|) , and then use 



this construction to 'reduce' the requirement of BRST invariance, taken in the form of factoring 
out BRST-trivial states, to the dressed decoupling equations. The construction of the algebra 
itself is level- independent, while the reduction has to be considered level by level. To legitimate 
taking the topological algebra as our starting point, we show in the Appendix to this section 
that the N = 2 symmetry may claim the rights of the DDK formulation: in fact, the topological 
algebra admits a reduction to the DDK formalism and thus can be viewed as a generalization 
of it. We also comment in the Appendix on the relation between the two constructions of 
the topological algebra. Only one of these will be used in the rest of the paper, and it will 
eventually lead us, via the Kontsevich-Miwa transform, to the Virasoro constraints. 

3.1 A 'mirror' BRST construction for the topological algebra 

The fields used to construct our specific realization of the topological algebra include matter, 
an additional U{1) current /, which will be referred to as the 'Liouville' current, and a c = —2 
be system. This spin-1 (anticommuting) be system (the t]^ system, ^1|]) is defined by 
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biz) = J2 &n^~"~' ' = J2 



neZ neZ (3.1) 



{&n,Cm} — Sm+n,0 , &>o|0)gh — C>o|0)gh — . 

The matter Virasoro generators combine with the Sugawara 'Liouville' contribution 
~ I ^neZ • ^rn-nln '■ hito the generators which satisfy 

[L^, L„] = (m - n)Lm+n + ("^^ - "i)5m+n,0 , 

\T T ^ — — n r (3-2) 

where the 1 in the central charge (i+ 1 is the U{1) contribution. We find it convenient to 'twist' 
the Virasoro generators as 

L^ = L^ + ^Q{m + l)Im, (3.3) 
where Q is the matter background charge 



Q = f-^. (3.4) 

which therefore becomes also that of the 'Liouville' scalar. Then, the central charge of the new 
Virasoro generators is just 1 — 3(5m + 1 + 3Ql = 2, so that the corresponding formulae in (^]2|) 
get replaced by 

^ ^ - 2 

[Lm, Ln] = (m - n)L^+n + T^("i^ - m)6m+n,o , 

1 , ^^-^^ 



Now, centreless Virasoro generators as those in ( |1.11| ) can be constructed by adding the 
c = —2 ghost contribution: 

Lyti ~\~ lm,) lm ^ ^ ^ • bm~nCn • (3-6) 
neZ 

[the ghost energy-momentum tensor being Tgh(-2) = —:bdc: {z)]. Further, introducing the ghost 
current i = — -.be: , we define the topological U{1) current as 
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SO that 



c 

[Tim, Tin] = -^rnSm+nfi- (3. 



It follows that the topological algebra commutator 



[Crn, 'Hn] = -uHm+n + - (m^ + m)6m+nfi (3-9) 

can now be established provided the matter central charge d is related to the topological central 
charge c by eq. (177^. 

Next, we need to construct the remaining generators of the topological algebra ( |1 . 1 1| ) . As 



the ghost field b is of dimension 1, the ansatz for the BRST current Q ~ cT, which works for 
c being of dimension —1 (see the Appendix to this section) does not apply here. Instead, we 
can identify the modes of a spin-1 odd current Q{z) simply as 

Qm = bm. (3.10) 

On the other hand, it is the spin-2 fermionic field Q{z) that now comprises the 'non-trivial' 



terms, usually characteristic to the BRST generators when these are built ^1[] using a spin-2 b 
field: 



- /3 — c c 

g^ = 2Y^ Cm-pLp + 2 J Yj('^~ P)Cm-pIp + ('^'~P) - bm-p-rCrCp: + -{m^ + m)Cm ■ 

(3.11) 

To avoid misunderstanding, let us stress that the Lp generators here include, besides the 
'improvement' term written out explicitly in (|3.3| )i also the Sugawara 'Liouville' contribution 
Thus, 

Lp = Lp-^Yl -Ip-nln-. + ^Qip + l)Ip (3.12) 
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where the Lp are purely-matter Virasoro generators, with the central charge given by ( |1.9|) . 

The coefficient in front of the second term in ( p.ll|) (and the same coefficient in ( p.7|) ) is 
real for c < 3; the regions c < 3 and c > 3 are 'mirrored' in that the matter and the 'Liouville' 
take the place of each other: all the coefficients in the above ansatze for the topological algebra 
generators can be kept real when going over from c < 3 to c > 3, by reversing the signature of 
the fields. 

All the commutation relations ( |1 . 1 1| ) can now be verified straightforwardly. We have thus 
arrived at a realization of the topological algebra ( |1 . 1 1|) and the relation (|1.9|) between the 
central charges. It is valid, irrespective of whatever d<l or (i> 25 matter theory is taken at the 
start[3. Below, we will use this realization in order to translate the BRST-invariance condition 
into the matter + 'Liouville' theory. 

3.2 Decoupling equations from BRST invariance 

Let us consider a representation of the topological algebra built on a BRST-invariant chiral 



primary state |$) |]37 



Qo|$) = 0, ^o|$) = 0, 

£>o|$) = n>i\^) = g>i\<^) = Q>i|$) = 0, (3.13) 
Ho|$) = h|$). 

The topological U{1) charge h is thus the only non-zero parameter that distinguishes between 
such states. The dimension zero condition will translate below into the 'Kontsevich-Miwa' 
dressing condition, while a 'level- by- level' imposition of the BRST invariance in the above 
representations will give rise to the particular decoupling equations that are amenable to the 
Kontsevich-Miwa transform. Namely, provided h is related to c by a certain quadratic equation 
[see ( |6.11| ) for the (/, 1) case], there will be primary states which are BRST-exact and should 



therefore be factored out. This is achieved by imposing equations, analogous to the decoupling 
ones, which for the ghost-independent [and hence, in view of ( p.lO|) , BRST-invariant] insertions 



boil down to the 'Kontsevich-Miwa' dressed decoupling equations. These latter will thus be 
derived in the remaining part of this section, while in Sect. 5 their relation to the Virasoro 



Note in particular that there is no need to bosonize the matter; however, when exphcitly bosonizing it, a 
similar construction (actually, the one discussed in the Appendix to this section) can also be arrived at via the 
hamiltonian reduction ImI. 
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constraints will be demonstrated. 



3.2.1 LeveI-2 reduction and the decoupling equation 

We start with the simplest, level-2, case of imposing the BRST-invariance condition in a rep- 
resentation of the topological algebra ( |1 . 1 1| ) , to show that under the splitting, as in Sect. 3.1, of a 
BRST-invariant highest-weight state into matter® 'Liouville' ghosts, the matter ® 'Liouville' 
part becomes a null vector dressed in such a way that it allows a subsequent application of the 
Kontsevich-Miwa transform. 

The BRST-invariant states, Qo|'=') = 0, at level 2 are of the form 

|S) = [aC\ + £_2 + rH_i£_i + ^rQ_i^?_i) 1$) , (3.14) 

with a and F arbitrary so far. A crucial point is that the BRST invariance rules out the ?-^_2 
and "H^ii terms. Later, we will see that this property, which persists to higher levels, can be 
put into the basis of an independent 'direct' derivation of the desired dressed null vectors. 

Impose further on |S) the highest-weight conditions w.r.t. the topological algebra. From 
= we find 



2a + 3 + F(h + l + -)=0. (3.15) 



3 

Further, the constraint 7ii|S) = gives two equations 



2ah + F ( ? - 1 ) = 



.3 J (3.16) 
1 + Fh = 



All the highest-weight conditions 



Qo|S) = Q>i|S) = e?>i|S) = £>i|S) = n>i\'E) = (3.17) 

are now satisfied. Indeed, the Qi- and ^2-conditions follow from the established ones via 
Qi = [Qq,'Hi\, Q2 = ['^i,^!]- Further, Ci = j{Qi,Qo} follows as well, and therefore, via 
= (1 — n)Qn+i and [Ci, Q„] = —nQn+i, so do Q>3 and Q>2- Generated similarly are 
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the 7i>2 conditions. Finally, {Qi, Qi} = 2C2 — 27^2, which implies the £2 and hence all the £>2 
conditions. 

It follows that 



- h ( - + 1 



1 = 



(3.18) 



from which we find two solutions 

c-3 
h = <! ~6~ 



6 



a 



c-3 
c-3 



6 



6 



r= <j 3-c 



(3.19) 



Now, the state |S) thus constructed proves to be not only BRST-invariant, but also BRST- 
exact: 



(3.20) 



Such states should be factored out, which can be accomplished by imposing certain equations on 
the correlation functions involving $ (in obvious analogy with the use of decoupling equations 



to factor away null vectors from Verma modules |2i. 

At this point we introduce into our scheme the Miwa parameter n = Ui as the 'Liouville' 
charge of $(zj), according to (p.7|): we set 



/3-c 



-n . 



(3.21) 



Then from eq. ( 3.18| ) n is given in terms of the topological central charge, and hence in terms 
of the matter central charge, by 



1 3-c 



2 V 3 



n = < 



n 



13-d±^{l -d){2h-d) 
24 



(3.22) 



I V3-C 
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Now, to perform the reduction to the matter 'Liouville' theory, we substitute for the 
topological generators the expressions (|3.6| ), ( p. 71) , ( p.lO|) , and ( p.llD , and also take 



l<f ) = 1^) ® |0)gh 



(3.23) 



This form of |$), with no ghost oscillators involved, means in particular that the state is BRST 
invariant, feol"^) = 0. Then, using ( p.l|) and ( p.l9|) , we find that [for both the upper and the 
lower cases in {KWj, (^1221)]: 



|S) = |T)®|0)gh, (3.24) 



where 



|T) = (aL^i + L_2 + 7/-i£-i) 1^) 

= (aL^i + L_2 + /5/-2 + 7/-i^-i) I*) (3.25) 

Zn^ 2n n 

The two expressions for |T) are related by eq. ( p.3|) , in which Q = 4 — 2n, as can be found by 
comparing eqs. ( p.22| ) and (|3.4|) . 

We have thus obtained a null vector in the matter theory tensored with the 'Liouville': 
L>i|T) = />i|T) = 0. To get down to the bottom of the diagram (|1.8|), we subtract away from 
the Virasoro generators L„ the Sugawara 'Liouville' contribution, and in this way recover the 
usual 'minimal' null vector in the {d, 6) Verma module, with the central charge d given by ( |1.9|) . 
As for the highest weight 6, it is found to be 



8 _ 5-d±^il-d)i25-d) 



2(c-3) 

which is a standard expression. 

At the level of correlation functions, the condition for |T) to factor out takes the form of a 
decoupling equation for correlators of the form 
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^{z,)Y[^,{z,)\. (3.27) 

Obviously, at least one operator insertion here must be that of \E', and thus the corresponding 
insertion point will from now on be singled out from the rest of the Zy The other insertions, 
of dimensions^ Aj and f/(l) charges rij, may or may not coincide with ^ . 

In order to derive the decoupling equations from the conditions (T(2;j) Jlj^i ^j(^j)) = 0, 
we proceed in the standard way [0], but in addition restrict ourselves to a subspace of those 



operators \E'j whose dimensions and f/(l) charges are related by the 'Kontsevich-Miwa' dressing 
condition: 



A. = -^Q-/ = ^-^-|)|- (3.28) 



From the point of view of the matter + 'Liouville' theory, this dressing condition just says that 
the scalar (j){z) ~ J^I enters vertex operators with an exponent determined by the matter 
part. However, we also know the 'invariant' meaning of (|3.28|) , which is tantamount to saying 



that the ^-dimension of is zero, and therefore, for ghost-independent insertions, so is the 
'topological' /^-dimension; thus the are ghost-independent representatives of chiral primary 
fields. In fact, the dressing condition ( |3.28|) is the same as (|2.16| ), with Aj the sum of the 
matter dimension 6j and the Sugawara U{1) contribution —^n'^ (and therefore, in view of the 
general arguments of Sect. 2.3, the first of the equations in (|3.28|) should hold irrespectively of 
decoupling equations). 

Then, we arrive at a 'dressed' decoupling equation, which reads[^ 



1(9^ 1^1/9 d 



2nf dzf ' Hi ^ Zj - Zi dzi dzj 



with being the dressed '21' operator. As we will see in Sect. 5.1, this equation is essentially 
the same as the Virasoro constraints (11.31). 



-"^^ Dimensions refer to those as evaluated in the matter + 'Liouville' theory, by operator product expansions 
with the energy-momentum tensor T{z) = ^ z^'^^'^Ln. 

^^This has the form of a 'continuum' version of the 'discrete' master equation from JT?! ; see ref. pH for a 
discussion of this point. The same equation appeared recently in the solution of the Calogero model [pl[. 
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3.2.2 Level-3 reduction and the decoupling equation 

The story is much the same for level 3. The BRST invariance in our realization of the 
topological algebra serves as a principle that fixes the special form of a null state, which we will 
recognize below as being required for the application of the Kontsevich-Miwa transform. That 
is, for a level-3 topological algebra state 

+ ^M\C-i + uH-iC^ + kH-iH-2 + pH\ (3.30) 
+ aQ.2G-i + eQ_i6;_2 + fC-iQ-iG-i + gH-iQ-ig-i)\^) , 

we first demand that it be BRST- invariant, Qol^) = 0. It follows that p = and then p — k — 
(no pure-7^ terms, as was the case for level 2) along with several other relations. Thus, 



+ aQ^2Q-i + eQ_ie?_2 + fjC^iQ-iG-i + , 



where ^ — 2a + 2f — g. Further, from 7ii|5) = we find. 



3 _3-c _c + 9-6h 

~ 2h ' ~ ^h2~ ' ~ 6 -2c 



3-c' 3-c' ' 3-c h 

6h2 - h(c + 3) - 9 + 3c 

5 = -7h = . 

3 — c 

Then, the condition ^i|5) = leads to the quadratic equation 



2 c + 3, , 2 



whence 



^-1 

3 



(3.31) 



-3h 6 c + 3-6h 3 , , 

9 = o ' 7 = + r , (3.32) 



h'-—-h + -{c-3)^0, (3.33) 



(3.34) 
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Now, we use the same formula ( |3.21|) as above to introduce a Miwa parameter h (this formula 
is independent of the level and reflects only the structure (|3.71 ) of the topological current). Then 
it follows from (Km 



1 Jl-^ 11 + ^ 



2 

1 „ „ _ . i -4^ (3-35) 

3 ) 



- 1. 



To see how the matter ® ?7(l)-null vector arises, consider now that part of (the first seven 
terms from) the RHS of (|3.31|) which contains no ghosts. It reads 



^ (3.36) 



We substitute here, as it follows from ( |3.34|) and (|3.71 ): 



/3-c 



— n 

2 (3.37) 



n 



and act with the operator ( p.36|) onto the state |\&), where |$) = |\E') ® |0)gh. Then, for both 



the upper and the lower cases, we arrive at the following null state of the (L, /) (or (L, /)) 
algebra: 



|T) = i Ll,-2L^2L-i + —I-2L-i + in^-l)L^3-2nI^,L^2 

+ 2l\L_, + ll_,L\)\m) 
n J 

= — L3 , - 2L_2L-i + ^ /_2L-i + (ri' - l)i^-3 - 2ri/_iL_2 

+ 2/^L_, + + E^m^^i^^ + (2 _ n2)/_,/_,') IM/) 



(3.3J 



where, as follows from the previous formulae. 
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13 -d± ^(1 -rf)(25-d) 



(3.39) 



6 



and 



Q = - - n, 
n 



(3.40) 



so that the shift (|3.3| ) takes the form 




m 



(3.41) 



The absence of the pure-/ terms in the null state obtained by the action of L's, eq. ( p. 3^ ), is 
a consequence of the BRST invariance, which we have seen to suppress the pure-7i terms. On 
the other hand it is just the condition that the pure-/ terms be absent that is crucial for the 
application of the Kontsevich-Miwa transform to the corresponding decoupling equation. This 
pattern repeats at higher levels, as the vanishing of the P_i term in the level-Z tensor product 
decoupling equation. 

By the above construction, the 'dressed' decoupling equation corresponding to the above null 
vector will be just a particular case of implementing the BRST-invariance principle ImQ ~ for 
correlators comprising only ghost-free representatives of chiral primary fields. The dimension- 
zero condition, as before, becomes the 'Kontsevich-Miwa' dressing prescription, which now 
reads 



n 



(3.42) 



Then, we arrive at the decoupling equation 




(3.43) 



where 
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1 ^ I — ( d nj d 



dzf [zj — Zi)"^ \9zj n dzi J 

(3.44) 

f^. Zj - Zi \ dzjdzi h dzi^ j^it^iizj- Zi){zk- Zi)\ dzj ^dzi) 

This decoupling operator is further studied in Sect. 5, where we show how it can be related to 
the Virasoro constraints in terms of the KP times tr- 

Appendix: DDK formalism from N = 2 

As has been noticed in the Introduction, our starting point, the topological algebra, allows us 
to recover, besides the 'Kontsevich-Miwa'-dressed matter, also the DDK dressing prescription. 
To this end, one should consider, instead of the ansatz (|3.6| ), (|3?7|), (|3.10|) , (|3.11|) , another 



reduction of the topological algebra to matter + 'Liouville' + ghosts |4^. Namely, let us split 
away from the topological generators a spin-2 ghost system. Using the same notations as in 
Sect. 1^ (although the ghost system is actually different), we write 



LfYi -\- Ifni — ^ ^ (^ ~l~ ^) •bm—n^n- (3.A1) 

neZ 

Then the central charge read off from the [L^, Ln] commutator is 26. Further, the DDK dressing 



prescription |31, 32 can be recovered as follows. Recall that for a spin- A ghost system, the SL2 



invariant vacuum state |0) is characterized by |[41|| , 

6>_a|0) = c>a|0) =0 (3.A2) 



[a particular case of which we have already met in (3J.)]. For the reparametrization ghosts it 
is thus only the c>2 out of the Cn modes that annihilate the vacuum, which allows us to split 
the topological algebra states as 

1$) = 1^) ® ci|0) . (3.A3) 



In view of ( p.Al| ) and ( p.l7| ), this implies that the L-dimension of is A = 1. Clearly, the 
same holds for all the other chiral primary states ^j: splitting them as 
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1$^.) = |M/^.)®ci|0) , (3.A4) 



we arrive at the conditions 



Aj = l, (3.A5) 

which will fix the DDK dressing prescription as soon as the background charges are known. 
Thus, to complete the derivation, let us first give the expression for the BRST current modes: 



- /3 — c c 

Q^ = 2J2 Cm-pLp+ J2 (p-r) -.brn-p-rCpCr: +2W— — m J2 Cm-plp + i:{m^-m)cm ■ (3.A6) 

ZV \ 6 ry O 

p,r(iZj pdZj 

As to the Lp generators, note that the comment below eq. (|3.11|) applies in the present case as 
well. Now, with the superpartner of the energy-momentum tensor being 



Qra = hm, (3.A7) 

we use the {Qmi Qn\ commutator to find that the topological current is given by 



ngZ 

From the [Cm.'Hr^ commutator we can now derive 



/3 - c 

'Hm = ^ '-bm-nCn'- ~V — ^ — ■ (3.A8) 



^ / 3 C _ 9 

[Lm, In] = -nim+n " W JZT^—^i'^'^ + '^)^m+n,0 ■ (3.A9) 



The anomaly thus emerging can be expressed as 



3 c-9 1 25-d 1 ,^ 

:Ql, (3.A10) 



V3-C6 2V3 2 

where Ql is the standard background charge of the Liouville scalar. Let us note that the 
construction ( p.Al| ), ( p.A6| )-( [3.A8| ), [0, for the topological generators was generalized recently 



to include the W3 generators [p3| . 



26 



The existence of just two 'bosonizations' of the topological algebra in terms of matter, 
'Liouville' and ghosts, follows, according to an observation by Dijkgraaf from the two 
possible twistings of the proper N = 2 algebra. Both the 'spin-1' construction of Sect. 3.1 and 
the above 'spin-2' version are different twistings of a 'spin-|' construction. Indeed, consider 
the N = 2 algebra (we have once again changed the notations, the Cp now being the untwisted 
generators) 



(m - n)Cm+n + Y2 ~ m)6m+n,0 



m 
2 



[Hm, Gr] 



-m6. 



3 

±G 



m+n,0 ; 



± 

m+r ' 



(3.A11) 



where the G"^ have spin | and are half- integer moded. One of the fields G^{z) can be identified 
with the h field of a spin-| he system: 



hr = Gr ■ 



(3.A12) 



Let then c be the conjugate, spin-(— |) field. The he theory is defined as before, by {6r,Cs} = 
(5r+s,o and relations ( |3.A2|) for A = |; the energy- momentum tensor and the ghost current read 



(3.A13) 



Now, let 



Q 



c + 3 



3(3 - c) 



Qi 



c-9 



3(3 - c) 



(3.A14) 



(which is real for c<3), and represent the U{1) current H as 



(3.A15) 
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where, as before, [Im, Iv\ = —m6m+n,o- Similarly, for the Virasoro generators L^, introduced 
via 



+ -{QL + Q){m + l)Im + L, (3.A16) 



we find the central charge d + I with d given by (|1.9| ), and therefore, after subtracting the 
Sugawara U{1) contribution as in ( ^.12| ), we arrive at the 'matter' Virasoro generators with 
central charge d. We have already seen that, when reexpressed in terms of d, Ql becomes the 
standard Liouville background charge v^%-^, while Q coincides with the matter background 



charge y^-^- Finally, we construct 

n s,q n 

(3.A17) 



Cm 1 ' (3.A18) 



There are, as usual, just two possibilities to twist the algebra ( p.All| ), with either or Q~ 
acquiring spin 2. The first twisting is accomplished by setting 

= c 1 6^^) = b 1 

which, after dropping the superscript reproduces our spin-1 construction in Sect. 3.1, with 

= + ^Q(m + l)/m . (3.A19) 
Alternatively, to make of spin 2, we set 

c(2) = c 1 6^2) = b 1 

= (3.A20) 
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which leads us back to the above spm-2 construction. 

The roles of the BRST operator Qq and its spin-2 superpartner Qq are therefore 'dual' 
to each other in the two twisted constructions, with one of these operators being 'simple' 
(coinciding with the b field) and the other one 'complicated'. To preserve the physical content 
(the cohomologies) , one should therefore consider equivariant cohomologies, thus introducing 
both Qq and Qq into the consideration, so as to ensure the equivalence between the two twisted 
versions. 



4 Dressed null states via a direct construction 



On the way from the twisted N = 2 symmetry to the Virasoro constraints imposed by the 
operators (|1.1|), we have arrived at the 'dressed decoupling equations', such as ( p.29| ) and ( |3.43| )- 



(|3.44|) . These can also be obtained by a direct construction, which may be useful in practice. 
The construction amounts to specifying a way to restrict from the most general tensor product 
decoupling equation in the matter ® 'Liouville' theory. As was noted above, a characteristic 
feature that the null states (|3.25| ) and ( p.38| ) inherit from the BRST invariance, is the absence of 
the a priori possible I-i terms where / is the level. This property, as we will see, can be used to 
characterize the required null states, and is one out of the two basic conditions that we impose, 
the other one being the 'Kontsevich-Miwa' condition on dressing field operators. Together, 
these two will bring the corresponding decoupling operators to the final form amenable to the 
Kontsevich-Miwa transform, which at the same time coincides with what would follow from 
the N = 2 machinery. We first demonstrate this approach for level 3, and then use it to arrive 
at the appropriately dressed decoupling equation at level 4. The reader wishing to perform the 
next step, the actual transformation to the Virasoro constraints, may skip to Sect. 5. 

In the tensor product theory comprising the energy-momentum tensor T{z) = I]„gZ -^"^"""^ 
and the U{1) current I{z) = Z^^gZ -^w-^"""^' with the commutation relations as written out in 
(|3.2|) , let \1/ be a primary field with conformal dimension A and U{1) charge n. We now consider 
levels 3 and 4 separately. 
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4.1 Dressing at level 3 



It is straightforward to check that the most general level-3 null vector w.r.t. the semidirect 
product of Virasoro with the U{1) will result from the action on |\1') of the following operator: 



+ 1 + 1 + 1 



3n ^ . S^ + 5-2Sn^ + n\ ^ J + 1 - J(S - 1) ^ 

(4.1) 



provided 6 = 6i, which is the matter dimension of \1', according to 



* = A- -- . (4.2) 



is given by 



7-d + J(l~d)(25-d) 

S = ^ ^ . (4.3) 

o 



(It is understood that for the {p', p) minimal model, d = 1 



pp 



As explained above, we can convert the condition = into a decoupling equation of 

the form of (13.431), in which this time we have 



S+ldzf (zj - ZiY dzj {zj - Zif] J^A^j- {zj - Zif] dzi 

5 — Sn^ + 1 njUk d ^ ^26 — 1 -y^ rij d 

1 Ti. (z^ - Zi)(zi, - Zi) dzi 6 + 1 ^Az^ - 2 



5 + 1 fx (zj - Zi){zk - Zi) dzi 5 + 1 j^^{zj - ZiY dzi 

v-^ n,- d 3n ^ n,- 
— 2n 7 - — 7 - 

ft (zj - Zi){zk - Zi) dzk 5 +lj^^Zj - ZidzY 

5^ + 5 — 2n^5 + ^ njUk „ v-^ 

+ Y—^ E 7T— TT77— + E 



(^+1 ft {Zj ~ Zi){Zk - Z^y ft {Zj - Zi){Zk - Zi) 

j^i, k^i i^i, k^i 



2 



+ h 



5 + 1 — ^ njUkUi ^5(5 — 1)^ 

1 (zi - Zi)(zk - zAizi - Zi) 5 + 1 r^, 



n 



1 



5+1 fX,i {zj - Zi){zk - Zi){zi - Zi) 5 + 1 f^i{zj-Zi)^ 



(4.4) 
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However, the null vector 0\'^) with O as in ( [4.1|) allows too much arbitrariness, as the values 
of A and h"^ cannot be fixed separately: there is a one-parametric freedom which refiects the 
fact that we have extended the matter theory by a current. This extra freedom can be killed 
by restricting to a more special form of the operator (|4.1|) , achieved by demanding that the 
coefficient in front of the I'^i term vanish, which amounts to setting 

6 = n^ -1 . (4.5) 

The next step consists in restricting to a subsector of those operators whose dimensions and 
f/(l) charges satisfy the 'Kontsevich-Miwa' dressing condition (|3.42| ). This allows us, in the 
decoupling equation, to get rid of the terms 



\ ^ % 



2 - n^)n„ + 2nAk} (^{z,) [] ^,(^,)) , (4.6) 



which do not have analogues in ( ^.43[ ), ( |3.44| ). As a result of ( [4.5| ) and ( |3.42| ), the decoupling 



operator ( [4.4|) takes exactly the form ( |3.44| ). The present derivation allows us to see by what 



kind of restrictions this special form is characterized among the general family ( |4.4| ). In the 
next subsection we demonstrate how a similar argument allows us to arrive at the dressed null 
vectors at level 4. 

4.2 Dressing at level 4 

At level 4, the null vectors exist over '41' (and '14') and '22' states, and so do of course the 
dressed null vectors. We are going to consider them separately. 

4.2.1 Dressed null vectors over the '41' state 

Consider first the '41' case. The general null vector in the semidirect product of Virasoro 
with U{1) reads 
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|T4i) = (25(2A + + 3)L_2^^ 1 + 50(2A + + 3)n/_iL_2^-i 

- (8n^ + 32n2A + 23n^ + 32A2 + 46A - 3)L_3L_i - 7bhI^iL\ 

- f + 25(-2n3 + 2nA + ?,n)l\L_i + 25(| - 4^^ + A)I\L\ 
+ 25(n^ + 2hA - |n)/_2^^i - (27 + 3h'^ + 12n2A + 18h^ + 12A2 + 36A)L% 
+ (|+ |f,6^ 1^4^ + 1^4^ fh^A'+ if n^A + f fA'+ '-fA^+ '-fA)L 
+ (-8n^ - 32n^A + 27^3 - 32nA^ + 54nA + 3n)/_3L_i 
+ (-27 + 22n^ + 38n2A + 57n^ - UA^ - 3QA)P_^L^2 

- (6n^ + 24n^A + + 24nA^ + 22nA - 21n)/_2^ 

- (8n^ + 32n^A + 23n^ + 32nA^ + 46nA - 3n)/_iL_„ 
+ (3 + 42n^ + Q^h^A - 98n^ - 32A^ - 46A)/_2/-i^^i 
+ _ 7^4 ^ 22n2A + 33^2 - 3A2 - 9A)l\ 

+ ^ M^5A - f + f n^A^ - i|2^3^ ^ ^ M^A^ - ipnA^ + ^4nA + %n)I_i 

^55 5 5 5 55 5 5 10 '^ 

+ (|i _ _ 1^4^ ^ 1^4 _ ^^2^2 ^ 1|4^2^ _ ^ ^ + fA)ll, 

+ (_M _ _ 112^4^ ^ 1|2^4 _ M^2^2 ^ 3|8^2^ _ 2^^2 ^ ^ |^2 _ ^A)/_3/-l 

+ (14n^ + 6n^A - 66n^ - UhA'^ - 57nA + f n)/_2/^i) |^4i) • 

(4.7) 

Here, as before, the 'dressed' dimension A is related to the matter dimension 5 of \1/ via eq. 
(O), while 



-2 
-3 



41-5d + 5J(l-d)(25-d) 
S = ^-^ ^ ^ . (4.8) 

Now, there are two possibilities to get rid of the I^i term. One of these is to set (cf. (|4.5|)) 



.2 6A + 9 65 + 9 



Then, eq. ( [4.7|) becomes 
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/ ( Sh^ \ 9 9 

l\L^i I\L\ + n /-2-^ 1 -^9 

■ In'^ 8n^ 3\ , /Sn^ . 18\ . . 4 



5n\^ 27 9 2;^5V 27 9 4 J 

- 5 " ~ ' ■ ") ) ■ 

The corresponding decoupling operator O = O^^^ [see ( |3.43| )] takes the form 



0(4) = , \ (-d d"^ + ^d^\ 



- 2,)2 [\ 15 ; ' V 3 5n, 



1 / 11 ri^ \ 

^ (2;^ - 2:^)3 \^ 45 15 5ni y 

(4.11) 

where dj = d/dzj (and where, let us recall, = n). 

We have seen that the level-2 and level-3 dressing conditions ( p.28| ) and (|3.42|) are described 
by the same 'universal' (level-independent) formula 



^i = -2^%, (4-12) 
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where Q is the corresponding matter background charge, so that the ^-dimensions are always 
zero, 

Aj = 0, (4.13) 

which is what remains of the underlying topological symmetry (zero 'twisted' dimensions of 
the chiral primary fields). The same condition ( [4. 121 ) holds in the present case as well, with 
the background charge, as deduced from ( [4.8| ) and ( [4.9| ), being given in terms of the Miwa 
parameter n = as 

Q = --f (/ = 4). (4.14) 

n 3 

In the next section we will show that this is indeed the background charge of the Virasoro 
generators of the type of (|1.1|), through which the operator O^^^ factorizes. 



The other possibility to kill the I^^ term over the '41' state is 



^2 2A + 3 25 + 3 



with 6 as in ( [4.8|) . The relation between the Miwa parameter and the background charge is 
now 



Q = 2h--. (4.16) 
n 

However, with this value of Q the dressing condition ( [4.12| ) would not be satisfied unless = ^. 
The matter central charge is then d = —2, while the corresponding null vector itself is in the 
intersection of the '22' and '41' null vectors, which we discuss later, at the end of Sect. 4.2.2. 

4.2.2 Dressed null vectors over the '22' state 

As has been noted above, there are more possibilities at level 4: in addition to ([4.7|) , a null 
vector exists over the '22' state: 
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IT22) = ((2A + h' + 3)L^2LU + 2n(2A + h' + 3)/_iL_2^-i + (n' + 2A - f )L_3L_i 

- 3n/_iLii - f Lii + (-2n^ + 2nA + 3n)/!iL_i + (| - + /\)I\L\ 

+ + 2h^~lh)I^2L\ - {\h^ + fn^A + 2n^ + |A2 + 4A)L% + (fn2 + 3A)L_4 
+ (3^3 + 6nA - |n)/_3L_i + + fn^A + - fA^ - A^)I\L^2 

- (|ri^ + fn^A + ?,n^ + fnA^ + 6nA - 3n)I^2L-2 

+ {n^ + 2hA - |n)/_iL_3 + (-§ + 2h^ + 4n^A - 2h^ + 2A)I^2l-iL-i 

+ (_ ^ 2^2^ ^ ^2 _ 1^2 _ ^) ^ (_2^5 _ 8^3^ ^ 1^3 _ 8^^2 ^ 
+ (_1^6 _ 4^4^ _ ^4 _ 4^2^2 _ 3^2^ ^ |^2 ^ |^)j2^ 

+ + ^^2^_2^2 _ 4^2_^)j_^j_^ ^ (2^5 ^ 2^3^ _ _ I^A^ -nA)/_2/' 1) | ^22) 

(4.17) 

As before, we demand that the Iti term vanish. The corresponding equation reads, in terms 
of the matter dimension 6 [see ( [4.2|) ], 

9n^ -Un'^S -18n'^ + 4:6^ + 12S = 0, (4.18) 

whence 

. 25 + 3±3 , 

= . (4.19) 

If we recall that 5 is now related to the matter central charge d via 5 = we get 

. 13-rf±12 , 
n' = ^ . (4.20) 

To see what these two possibilities mean, consider the coefficient Cj of the terms 



in the decoupling equation corresponding to the null vector ( [4.17|) . It is equal to 



Cj = -2h ( + 2A - ^) A, + Qn^ + yn^A - 2h^ - ^ A' - A ) rij , (4.22) 
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where the notations are the same as before, with rij and Aj being, respectively, the 'Liouville' 
charge and the total dimension of the insertion \E'j(zj), while Ui = n and Aj = A. Similarly to 
( |4.6| ), the terms ( [4.21| ) have to vanish by virtue of a dressing prescription. The vanishing of Ci 



gives 



2S 



n 



or 6 



(4.23) 



The first case reproduces the ' — ' case in (|4.19|) and ( [4.20|) . It will also agree with the dressing 
condition ( [4.12| ), i.e. Aj = —^Quj = —^J{l — d)/3nj for j = i once we choose 



n = — 1 



'1 -rf 
12 



(4.24) 



Then, the corresponding null vector takes the form 



IT22) 



L_2^^ 1 + 2n/_iL_2^-i + 



n 



2 1 



+ 1 



n 



+ 1 n"' + 1 



n2 + 1 



n2 + 1 



+ 



n 



n 



n2 + 1 



2n2 + i 



1-2^^-1 



n 



+ 1 



+ 1 



1^2! -iL -I 1^22), 



(4.25) 



where is defined by the same formula ( p.3|) as before, but this time with 



Q = -2n 



(I = 2, r = 2). 



(4.26) 



It is now straightforward to arrive at the decoupling equation of the type of (|3.43| ) with 
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nf + ^ 



+E 



1 



\2 1V2 



1 



+ l)nk{nidj - rijdi) + (n- - \)nj{nidk - Ukdi)^ . 



(4.27) 



We proceed with this operator in ( p.49| ), where we estabhsh its relation to the Virasoro con- 
straints with the background charge given by eq. ([4.26|) . 



The other possibihty in (|4.19|) is 



n 



2 _ 25 



+ 2 



25-d 
12 ■ 



Therefore, A = — ^y^, which can be 



reconciled with the dressing condition A = — |y(1 — d)/3n only for the 'topological' |^ value 
d = —2 of the matter central charge [or, c = according to ( p.. 91 )]. Then, 6 



l-(-2) 



|, which 



is the other case encountered in ( |4.23| ). To summarize, 



3 
"4 



Q = 1 



n 



3 

2' 



d 



(4.28) 



which thus applies to a particular type of matter, that consisting of spin-1 ghosts. Upon 
substituting (|4.28| ) into the null vector ( [4.17|) , we find that the latter becomes identical to the 
'41' null vector ([4.10|) with Ui fixed to its value (|4.28|), Ui = |. In fact, the question of when the 



'41' and '22' null vectors may coincide can be asked first for the 'bare' (purely minimal-model) 
null vectors. It is not difficult to see that this does indeed happen at the above value of the 
matter central charge d = —2 (hence the dimension 5=|), but also at d = 28 {6 = —^)- Then, 
the corresponding 'dressed' null vectors, (|4.?| ) and (|4.17|) , coincide as well, and we can ask next 
if the I^i term vanishes. When d = —2, the coefficient in front of the I^i term is proportional 
to 



^2 9\ / 2 1 

" -y r "4 



(4.29) 



while at d = 28 this gets replaced by 



37 



n^ + ^)(n^ + T) . (4.30) 



4/ V 4 

Thus, the 'Liouville' charge becomes imaginary for d = 26 — (—2). The imaginary unit can be 
absorbed into the 'houville' current, thereby reversing its signature and giving it the role of a 
matter, while the matter itself, by the same procedure, becomes a 'Liouville' theory. Let us 



therefore concentrate on the case ( [4.29|) , d = 2. Then the background charge Q = -^^-3- = 1 



and substituting this together with A = 5— ^ = | — ^ into the dressing condition ( [4.12| ), we 
find 



(4.31) 




which belongs to the roots of ( |4.29| ). The upper value, which we have already met in ( [4.28|) , 



satisfies also eq. ( [4.14|) , while the lower one agrees with both ( [4.15|) and ( [4.26|) . We have thus 



seen how the 'exceptional' case (|4.28|) , and the null vector considered at the end of Sect. 4.2.1, 



both fit into the pattern of 'intersections' between the '22' and '41' null vectors. 

5 From dressed null states to the Virasoro constraints 

We have considered in the previous sections the implications of the 'mirror' BRST invariance 
in the form of the 'Kontsevich-Miwa' dressed decoupling equations. In what follows we study 
its implications for correlators of ghost-independent chiral primary fields (hence, as before, of 
total ^-dimension zero). We can observe an interesting property by invoking the Kontsevich- 
Miwa transform, i.e. interpreting the Zj and nj in ( [4.11[ ), and ( [4.27| ) as the ingredients of 



the parametrization ( |1.2|) . Namely, we will show that the decoupling operators constructed 
according to the above recipe 'tend to' factorize through the Virasoro generators (|1 . 1|) . The 
complete factorization occurs for the {1, 1) decoupling equations, while for the {!', I") ones with 
either /' or /" 7^ 1, there is in general an obstruction to the factorization. Even in the (/, 1) case, 
the factorization property is by no means automatic, and does not apply for instance to the 



decoupling operator ( [4.4|) , without the relations (|4.5| ) and (|3.42|) . 

More precisely, let us write the mapping ( |1.2|) as Z — > T : (zj) 1— > (tj. = 
Then, at a point {zj) in the Z space, let d/dzj denote the directions along the fibre over 
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(tr) G T, SO that the general infinitesimal displacements in Z can be written as 9j = ^ — 
% I]r>i -^7'"^^' where ^ does not affect the times. Then it turns out that, when acting on 
the function of only the times tr, the (/, 1) decoupling operators always factorize through the 
Virasoro generators ( p. . 1| ) in which the background charge 2J — 1 depends on the level I chosen 
according to formula (pT5|) . 

We are going to demonstrate this for the decoupling operators derived above. 

5.1 Level-2 decoupling equation as Virasoro constraints 

To transform the decoupling operator from the LHS of (|3.29|) 

r = -^df + —y (nA - nA) (5.1) 

into the t-variables, we can proceed in a naive way by expressing the derivatives (when these 
act on functions depending only on the tr) via 

_ _ ^ _r-i_d_ 

OZi r>l Obr 

r)3 r)3 r)2 ^^''^^ 

" ""'.hJ' dt.dtrdt, \kl ^ 

-n.j:i^ + l){r + 2)zr''-^ 

(the third derivative is included for future use). Now, in the second term in T, we substitute 
( |5.2| ) and divide by Zj — zi to obtain 



r+l o 

^-s -r+s~2 ^ 
2j - 

j^i r>ls=l 

Here, the sum over all j gives stg according to the Miwa transform (|1.2|) ; the missing term with 



j = i should be added and subtracted. Thus 
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E ^—(^.5. - n,d.^ = EE ^r-'sts^ - n\ E(r + ^W^^ , (5-3) 



and therefore, finally, 



r = E -r^"'Lf , (5.4) 
P>-1 



where the L^^-* are given by ( |1 . 1| ) with 



2J - 1 = — - 2ni = 2) . (5.5) 



It also follows that the Virasoro background charge Q = 2J — 1 equals Q = \J{1 — (i)/3, which 
is the matter background charge. 

Therefore, the lowest-level decoupling equation is nothing but a linear combination of the 
{p > — l}-Virasoro generators. The inverse transformation, from the Lp into the decoupling 
equation, was carried out in ref. That is, starting with the 'energy- momentum tensor' 



X]p2; ^L„ and evaluating at z = Zi that part of it which is holomorphic at the infinity, we find 



that it equals the RHS of eq. (|5.1|) . The existence of the inverse transform demonstrates that 
the (dressed!) correlation functions do indeed depend on the insertions point only through the 
time variables tr- 

5.2 Virasoro constraints from level 3 

The decoupling equation, which is of the third order for level 3, can no longer just coincide 
with the Virasoro constraints, which are given by second-order differential operators. Yet the 
Virasoro constraints do emerge anyway. We will transform into the time variables the level-3 
decoupling operator ( p.44| ), O = —riiU, 



U = 



— ■^df + fl — -rrly^T — zt; {riidj — n^di) — — ^ — (2nididi — Sn^df , 

nr \ n^Jj^,{z,-z,Y^'' ' n^f^^,^-,A (5.5) 

+ ~" EE 7 — — z — V ^^'^^ ~ ^^^'^ ' 
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in two ways: the first one is a direct extension of tlie above level-2 approacli, wliile tlie otlier 
allows further generalizations, which, in particular, will be used at level 4. 

5.2.1 A naiVe approach to level 3 

Proceeding as in 5.1, by directly dividing over Zj —Zi as in ( ^.31) , let us start with the second 
term on the RHS of We find 



1 l — n^ 

1 1 - n2 „ zr-^ - z-"-^ d 
''^i 

j-^j r>l ^3 ^* Obj- 

(5.7) 



The first term on the RHS of the last equation, in its own turn, is equal to 



- (^^ - -) EE(^ + 2 - q>r"'qt,^ - (1 - n^) EE(^ + 2 - (5. 

\ "^i/ r>lq=l ^'^r r>lq=l ^''^ 

and therefore eq. ( [5.7| ) becomes 



72, 



, , EE (^> + 2)^r^-V,^ 

9+P>l 



9 



p>i 



-p-3 



p+q 



E-^E-r^"(p+i) 



dtr, 



(5.9) 



Similarly, in the last term in (|5.6| ) we can also divide by zj — Zi in the following way: 



Hi 



E 



nk 



^k 



d 



r>l 



Zj Zi 



dtr 



2E 



E E ^^sZi 



-p-2 



d 



j^i p>-l s>i 

p+s>l 



■p+s 



(5.10) 



j^i ^3 ^« p>l 



E(p + iK" 



dtr 
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Further, the term with second derivatives in ( |5.6|) equals 



2 E ^r^-' E E 9^.7^r4^^ — 2n. E -r^-^ E(^ + 1) 



'-'-^ (5.11) 

^« \ r>ls>l ULrUbg Ubr 



Substituting also the expression ( |5.2| ) for the third derivative present in the decoupling 
operator (|5.6| ) and collecting everything together we find 



q^r,s>l dtqdtrdts KUi J * dtrdt^ 

V^j ^ ^/ r>l p>-l9>i Ctp+g 

g>l-p 

+ 2 E E E + 2 E 7^ E - ^'-'^ 

p>0 s=-\ 9>l L/'^p-sl^'-q+s ^« p>-l 

g> 1 — s 



+ 2E:^ E ^''"^^ 

(5.12) 



j^i % p>-l 



where 



■ (3) 1 5' V- ^ 2 - n? ^ , a 

= E(^ + i)Wi^ 



are Virasoro generators, which differ, however, from the ones we have encountered in ( ^.4|) 
(|5.5|) . That is, the 'improvement' term is such that the spin J is related to rii via 



2 

n-i 

Hi 



2J 



(/ = 3) 



(5.14) 
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Note that the last term has been added to and subtracted from the RHS of (|5.12|) . With the 



combination (z^^ ^ — z, ^ '^)/{zj — Zi) we proceed as above, and in this way get new terms 



3 



p>— 1 s=l P>— 1 



(5.15) 



Therefore, 



p>-2 



j^i p>-i 



(5.16) 



where 



U-2 

Uo 

Up>i 



2 rtrL^22 












r>l 






- 4n,Lf 


r>l 






- 2(p + 2) 



+ 2- 



r>2 
1-^2 



dtr-l 



d 

y^rtrTT- + syrt^— — 



1 - ^ (9 



r>l ^^r+p 



P-1 

+ 2 E E 



s=—l r>i "^''p— s"-"'rH 

r > 1 — s 



+ (,+ l)(p+2)f-i + !|-lU+fA-2nyEV + l),^+ E 



^3 



q+r + a—p 



(5.17) 



We can further rewrite the generic Up as 



= 2 E ^ ° Lf + 2 Y: rUL^X +{p + 2)(^- 3n, ) L^^^ , p > -2 , (5.18) 

q=-l '^h-q r>l 



rii 



which shows that the U„ factorize through the Virasoro generators, and thus the will anni- 
hilate the tau function once the Lj,3) do: 

L(,3)r = 0, p>-l. (5.19) 
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Thus the Virasoro generators with the background charge tuned according to (|5.14| ) are 



hidden in the dressed decouphng equation (or, in the BRST-invariance condition in our real- 
ization of the topological algebra). It follows from ( |5.14| ) and ( p.39| ) that (as was the case at 



level 2) the minimal matter background charge coincides with the one involved in the Virasoro 



generators, y (1 — (i)/3 = Q = 2J — 1. 

The structure of the operators Up can be described in slightly more 'invariant' terms, as 
follows. Introduce a current \{z) = Z^^eZ whereQ 

d 

'm>0 = 77;— 5 I ['m, 'n] = fn^m+nfl , 

dtm ^ { ^ ^ (5.20) 

1 ri (3) I 1 _ I ^ ^ 

'm<0 — 11'''^— m 1 

Then, 

Up = 2 ^ + (p + 2) (- - 3n,) (5.21) 

n<p+l ^ 

Obviously, any commutator of the U's will always factorize in a similar way, with the L's on 
the right. 

As the constraints reduce to the Virasoro ones, their consistency with the KP flows is 



achieved trivially by virtue of the results of fl^]. Therefore, the initial decoupling equation also 



must be consistent with the Miwa-transformed version of the KP evolutions. 



The generators ( |5.17| ) were first derived from the dressed decoupling equation in al- 
though they were misinterpreted there. As we see, the actual mechanism is that the third- 
order differential operator factorizes through the Virasoro generators. This property persists 
at higher levels, but already at level 4 the factorization requires a more 'invariant' derivation, 
which will be first demonstrated below on the already familiar level-3 example. 

5.2.2 Level-3 factorization once more 



The above derivation of eq. ( ^.16|) , first carried out in ref. might be fraught with an 



ambiguity, as the times tr have been viewed in the formulae such as (|5.17|) as being independent 



^^Iq, which is a c-number, is the 'zeroth time' of the KP hierarchy that distinguishes between its different 
Schlesinger-transformed copies (or essentially the parameter N from ref. [Q). However, its value is irrelevant 
for the following and can be assumed to be equal to zero. 
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of the Zj] however, it was not clear from the above whether indeed all the z's should be placed 
to the left of the d/dtj., as was the case in ( ^.IGl ). At higher levels, a similar ambiguitiy becomes 



more severe, so we now present an alternative derivation of ( p.l6| ), which avoids the ordering 
problem (while leading to the same result). 

Our starting point will be the previously established eq. (|5.4|), which we rewrite in the form 



di = - 2ni — ^ — {riidj - rijdi) 

. (5-22) 

+ 2n^ ^r^"'Li^^ - {n. + n^) E ^i'-'ir + 1)^ , 

p>-l r>l '^'^r 

where we have anticipated the result by identifying on the RHS the level-3 Virasoro generators 
Now, turning to (|5.6|) we substitute ( ^.22| ) into the term —:^df = —^di odf and then again 



into the resulting expression J^l^ df- We get in this way 



+ 2J:^ Y. zr''\f + l:{ni+l)Y.{r + l)(r + 2)zr-'-^ (5^23) 

j^i ^« p>-l ^ r>l '-''^^ 

\ 'H/ r>ls=l '-"'r 

Here, di is a differential operator, composed with the operator inside the braces, which can be 
represented as c^j = ^ — niY,r>i Zi^^^^-^, where ^ does not affect the tr and acts only on 
the explicit occurrences of Zi. The operator U is understood to act on functions which depend 
on only the times t^. Thus, 



' * r>ls=l ^''^ V'** / r>l ^ 

(5.24) 
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Inserting (|5.24|) into the above expression for W, we find 



r>lp>-l '-"^r jVi ^« p>-l 

(5.25) 



P>-1 

which is the same as (|5.f 6|) , (|5.f8| ). Now we will see how the same approach works at level 4. 



5.3 Factorization at level 4 

Recall that we had in Sect. 4 more than one relevant null vectors at level 4. We will use 



the method of section ^.2.2| to try to obtain factorization of the decoupling operators, after the 



Kontsevich-Miwa transform, into an expression of the form 

d = Ao Y: ^r^^'LW, (5.26) 



p>-i 



where L^*^ are Virasoro generators with the expected background charges: either ( [I.14| ) for the 
'41' case, or, for the decoupling operator ( [4.27| ), the background charge Q = —2ni, as suggested 
by ( |4.26| ). The 'regular' case, which reproduces the features we have observed for the '21' and 



'31' operators, is provided by the '41' null vector ( [4.10|) . 



5.3.1 Virasoro constraints from the '41' decoupling operator 



The factorization of the decoupling operator ( [4.11|) will come about as a result of an interplay 



of the various coefficients, which appears rather miraculous in the present straightforward 
approach, and takes some work to be established. Our final result for the Kontsevich-Miwa- 
transformed decoupling operator (|4.11|) is given in eq. ( ^.46| ) below. Although a result as simple 



must have a simpler derivation, all that we can suggest at the moment is the following collection 
of technicalities. 

To simplify things, we will utilize in the derivation both the level-2 and level-3 factorization 
identities found previously. It is extremely useful to rewrite the level-3 one, eq. ( ^.18|) , as 
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-^iY. — ^—{2n,didj - 'irijdl) + 2n1 YIY^ 7 — — — Ariidj - rijdi) , 

(5.27) 

where we have introduced the compact notations 



V(3)(z.)= E ^r^^'Lf (5.28) 
p>-i 

and 



V(=^)'(^.)= E z-'-\-p-2)Lf (5.29) 

p>-i 

for hnear combinations of the level-3 Virasoro generators ( p.l3| ), while 



V. = a,-n,E^^ (5.30) 

is another very useful combination. 

Let us call inv the space of functions which depend on the Zj only through the times tr- 
It is understood that all the operators are considered on this subspace; thus, we are in fact 
evaluating O'^^^ |inv, which, however, will not be indicated explicitly. 

We substitute (|5.27| ) into ( |4.11| ), expressing df as di o Of. Then, we get other (9f -terms sitting 
over a pole in Zj — Zi. Substituting (^2% again, we then collect together all the 9,^-terms and 
use for these the previous identity (|5.4|) , rewritten in the current notations as 



df = -2n, E -^in,d, - n,d,) + 2nf\/^'\zi) , (5.31) 



where V*^^)(zj) = T is the same as ( |5.28| ) for the level-2 Virasoro generators [i.e. those with the 
background charge (|5.5| )j. By these manipulations, we bring the decoupling operator ( [4.11| ) to 
the form 
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- ^v.c v.cv(3)(..) + + i)v.oV(3)'(.,) . 

Now, in the terms that do not contain an exphcit y{zi) we use an obvious identity 
f 7 — -^^^i^j ~ Yin 7 — — [^^(^ii^j - nj(9j) 

(5.33) 

Another trivial but useful rearrangement reads 

EE , _ ""[T _ , = + E + E r^S^ ■ (5-34) 

j^ikj^i Zi)[Zk Z^j Zj Z^ [Zj Z^) 

Using these allows us to arrive at 
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15 5 \ rij 3 



12 20n,- 



' 15 5 ' ^ 



no 



5 % ^« 



+ ^("? + i)v.=vw'M-iafovW(.i) 



(5.35) 



The last two terms here are just a rewriting of 



(5.36) 



and we have introduced the 'level-4' Virasoro generators as suggested by formula (^4.14|) 



(4) 



r-1 



s=l ^^s^^r-s s>l 



Ed / 3 ni\ , ^. d 
sts^ + -] (r + 1) — 



(5.37) 



We thus get in ( |5.35D two terms with the same coefficient + 2(^)' ^^"^ ^'^'^ these 
together we use the identity 



d 



d,-n,d.)+V.oY^zr-\r + l) — 



r>l 



.v(3)'(^,) 



-r-3 



(5.38) 



Similarly, in the first term in ( ^.35 ) we use the identity 
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+ ^V.o^(r + l)(r + 2)zr- 

-TE(- + i)(^ + i)^r-^-' 



2 ^ ^ dtrdts 



-TE(^ + l)(^ + 2)(r + 3)~— ^ 



9 



where 



As a result, the operator O*^^^ becomes 



V12 ^ V 15 5 )j^,{z^-Zif ^ 

+ ^(-?+l)v.ov(3)'(..)-lv^v(^)(..) 

+ ^E(^ + l)(r + 2)(r + 3)zr-^|-| 

/_3nf _ _ ^\ ^ y 2)zr 
^ V 40 6 40nJ 



dtr 



(5.39) 



V(^)"(z,) = E ^r^"'(P + 2)(P + 3)LW . (5.40) 

p>-i 



(5.41) 



Now, in the term Jj(n^ + l)Vi ° V(^)'(zj) we replace L^f) with L^,"^); the difference then adds 
up with the last term in ( p.41| ) to produce the contribution 



^2^^ + V. o Y^ir + l)(r + 2).--3 J_ . (5.42) 



V 15 5ni / ' ^ * dt 
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On the other hand, we have in ( |5.41|) 



E 



n. 



[n. 



p>-i 



+ ^E 



5 ■ / ■ z. 



(5.43) 



The last piece here combines with that part of (|5.42|) that sits over the pole coming from the 
definition of Vi, to produce precisely a V*^''^'(zj) over the pole. Thus, 



a.. . ^(M.,)v.v-(.).(-M_?^)g_^v..,., 



r',s>l ' 



+ 7 - + VF^°E(^ + 1)(^ + 2) 



(5.44) 



In the last term, there is clearly no pole, by virtue of ( |5.3D . 

Now, we replace the remaining L'^^^ with L*^^\ and add the difference to that part of ( |5.44| ) 
that is not factorized through the L*^'^-' yet. Rather surprisingly, this gives just 



+ l) E(- + E ^'-'^ ° L(^^ . (5.45) 

\ / r>l p>-l ^'^r 



Hi I 2n, 
'5 



Thus all the terms in the decoupling operator have been factorized through L^"^^ on the right: 



51 



aw 



^(M,,)v,.v-'(.)-f(M,i)g_JM_v-(. 



5 



P>-1 



(5.46) 



Along with eqs. ( |5.5| ) and ( p.l4| ), the background charge of the Virasoro generators L^^"^) follows 



the general pattern (|1.5| ) that was conjectured in P6 



Finally, since we are in fact considering O'^^^ |inv, the last formula can be rewritten as 



P>-1 



(5.47) 



with 



An 



UjUk 



{Zj - Zi){Zk - Zi) 



I 5 15 ) Zi — Zi dzi 5 '—r. Zi — z. 



9n 



10 



- E 



-r-s-2 



2 -r+1 



d 



dtr 



r,s>l 



+ 



y ~ To" 



E(^ + i) 



-r-2 



r>l 



9_ 
9tr 



+ - 



d d 



15 y ^ dtr dzi 



( Anf inj 3 \ 92 
+ — 7^ + 



45 15 10 / dzi^ ' 



(5.46') 



where d/dzi acts only on the explicit occurrences of Zi in ( p.47| ), while the 8/ dtr are composed 



with the 



Equations (|5.46|) constitute our result for the factorization of the '41' decoupling operator 
through the Virasoro generators. The pattern of the factorizations observed so far appears very 
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convincing, and in Sect. 6 we suggest how the particular cases considered above fit into the 
general picture. 



5.3.2 The '22' decoupling operator 

A somewhat different situation occurs for the '22' case. One could expect a factorization of 
the decoupling operator through the Virasoro generators 

as = \ i: + n ^t,^ -".(-■+ dJ- . (5.48) 

with the background charge taken from ( [4.26| ). However, applying the same strategy as above 
to the operator (4.27), we arrive at 



\^ ^'hj ^ r>l P>-1 



(5.49) 



and thus, although many cancellations (which have yet to be explained in an 'invariant' way^) 
have occurred en route from ( [4. 271) to (|5.49| ), the last term represents an obstruction to factor- 
ization. Its absence in the (/, 1) case might be attributed to the special features enjoyed by the 



(1, /) and (/, 1) null vectors |2^, |26|, In Sect. 7 we comment briefly on why the (/, 1) case is 
preferred by the Kontsevich-Miwa transform. 

The obstruction would only vanish for a special value of (while in the (/, 1) cases considered 
above, rij could be chosen as a free parameter). In view of eq. ( |4.24| ), this is = —1, and 
therefore 



Despite there being no complete factorization, the occurrence of the Virasoro generators with exactly the 
'predicted' background charge (4.26) is quite remarkable. 
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g = 2, d = -ll 



(5.50) 



Thus, finally, in this particular case we have the factorization 



a(22)= iV,oV(22)'(^^)+V2oV(22)(^^) 

- f9^V(^)(..) + 3E-^(|5. -^.50°V(^)(..) - fV(^)"(..) , 



- 3 E 77^v(-) (..) + 1 E(r + v)zr-^ E -r-^|- ° Lf ) 

j^i l^i ^iyl r>l p>-l 



with 



Lg; = 5 E 5^ + E ^'-ai^ + + (5.52) 



The numbers ( 5.50| ) are characteristic of the spin-| ghosts [41|. Thus, along with the two ghost 



systems participating in the diagram ( |1.8| ), another one is 'preferred' by the Kontsevich-Miwa 
transform. 

Recall finally that the d = —2 matter corresponds to the set ( [4.2^ ). Kontsevich-Miwa trans- 
forming the corresponding 'exceptional' decoupling operator does not require any additional 
calculations in view of the coincidences stated at the end of Sect. 4.2.2. 

6 Summary and generalizations 

The above can be summarized and generalized as follows. Let us start from the Virasoro 
constraints and ask ourselves whether they admit a transformation to the Zj variables introduced 
according to ( |1.2| ). The answer depends on an interplay between the involved parameters, i.e. 
the 'spin' J entering the constraints, the Miwa parameter rii, and an integer /, which is to become 
the level. For I = 2 everything is very simple and the 'half of the energy-momentum tensor 
itself, T>_i{zi) = I]p>„i 2;~^~^Lp, undergoes a transformation to the Zj variables. However, 
for / > 3 the situation is different, as the Virasoro generators by themselves no longer allow a 
transformation into the zj variables, but only in higher-order combinations such as (|5.16|) or 
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(|5.46|) , however unnatural these may appear from the point of view of the t variables. Fixing 
the coefficients appropriately and inverting the previous stepsf^, we arrive at the corresponding 
(/, 1) decoupling equation in a dressed {p',p) minimal model, where 



v' Q / 

^ = 1 + ^±^VQ' + 8' Q = 2J-1, (6.1) 
p 4 4 * 



provided 



/ — 1 2r) 

2J-1 = Q = — --— , (/>2). (6.2) 
n I — I 

The integer / specifies the (/, 1) decoupling equation in the dressed minimal model. Equation 

(p — p')^ 

(|6.1|) implies (2J — 1)^ = 2 , which, however, is not a mere rewriting of the standard 

— pp' 

minimal model formula (|3.4|), since a priori Q = 2J — 1, as read off from the Virasoro constraints. 



need not coincide with the minimal model background charge Q = \J ^-3^ (but it does as a result 
of the calculation). 

To establish the correspondence starting from the minimal model's end, one first dresses the 
minimal model according to the 'Kontsevich-Miwa' dressing prescription which ensures that all 
operators have total dimensions proportional to their 'Liouville' charges (to be identified with 
the Miwa parameters): 

A, = -]^Qn, . (6.3) 

The matter dimensions are given by subtracting away the f/(l) Sugawara part, 5j = Aj — 
|n|j, hence rij must be determined from the equation [which we have already met in ( p.l6| )] 



n 



Quj - 25 j = . (6.4) 



One also imposes the vanishing of the coefficient in front of the /i^^ term in the null vector 
build upon the (/, 1) primary state. Then the order-/ decoupling equation corresponding to a 
given insertion of \E' = at the point Zi, 



17' 



Technically, this can be done by evaluating contour integrals, as in pi 
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9^ + E -^{-ln.n,d^r^ + h.d^'d, + ...) + ...){ ^{z,) [] ^ A^^) > = , (6.5) 



takes the form, after the Kontsevich-Miwa transform, of the constraint 

E -r-'Ui') + E E -7"-'^^U('-) + . . .} r(t) = , (6.6) 

where the omitted terms contain multiple poles, up to the last group of terms of order (/ — 2), 
which enter multiplied with U^^^ = L„. All the U operators factorize through the L„ on the 
right. These Virasoro generators are of the form of ( |1 . 1| ) with J fixed by the minimal model 
chosen, according to ( |6.1| ). 

This suggests the correspondence between conformal field-theoretic ingredients and the KP 
tau function r(t) to be achieved via the ansatz ( |1.4|) . More precisely, consider, in the dressed 
minimal model, correlators involving different primary fields^. 



Tit)^T{z,} = m<iIiAz,j\, (6.7) 
where each of the \E';^i operators has an (/„, 1) null descendant, the 'matter' dimensions of the 



\E'/^i being given by the RHS of ( |1.10| ). Then, eq. ( |6^ ) (in which Q = y^-^ is fixed) for j = ia 
gives the respective 'Liouville' charges rij^ of the "ifi^i. 



Now, the null states built over the give rise to the decoupling equations of the form of 

( |6.5| ), the corresponding decoupling operator being (9^-^ + . . .. The possibility to Kontsevich- 
Miwa-transform each one of these decoupling equations depends only on the value of the re- 
spective parameter n,^. However, as we have just seen, the n^^ are such that each of them 
corresponds to the same background charge 



^^The appropriate insertions of the background charge and/or integrals of top forms of 'topological multiplets' 
are understood. 
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2J-l = ^-^ = v^^ (6.9) 
and therefore all the corresponding decoupling operators factorize as 

p>-i 

with the same Virasoro generators Lp for every a. Thus, a given set of Virasoro constraints 
implies all the (/, 1) decoupling equations in the appropriate minimal model. Vice versa, it 
seems plausible that the full set of the (9j-'"^-decoupling equations will imply the constraints 
X)p>-i-2j^^^^Lpr = for every a, and these in turn would allow us to conclude that L^r = 0, 
p>-l 0. 

One may also view the dressing prescription (|6.3| ) as a manifestation of the underlying 
BRST invariance in the realization of the topological algebra constructed in Sect. 3.1. The 
relation between the topological U{1) charge of ghost-independent chiral primary states and 
the topological central charge. 



h^-(/-l)^h + (/- 1)2^ = 0, (6.11) 
6 6 



gives 



(/-I) 



2 



3 



3-c 



Now, the equations ( |6.3| ) and (|6.2| ) give, for A = Aj, which is the matter+'Liouville' dimension 
of ^: 

l-l 

A^^.— , (6.13) 



whence the 'minimal' dimension 6 = 6i is given by eq. ( |1.10[ ). 
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We are indebted to E. Kiritsis for a stimulating discussion of this point. 
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7 Concluding remarks 



Using the Kontsevich-Miwa transform, we have related the Virasoro constraints on the KP 
hierarchy to the highest-weight conditions (including the BRST invariance) in a realization 
of the topological (twisted N = 2) algebra. In the representation, constructed in Sect. 3.1, 
of the topological algebra ( |1.11| ) in terms of matter, 'Liouville' and c = —2 ghost fields, the 
BRST invariance can be imposed level by level, by factoring away BRST-exact highest-weight 
vectors. In general, this gives an infinite set of equations on the correlators of various fields. 
The analysis carried out in this paper applies to the case when the correlators contain ghost- 
independent representatives of chiral primary fields (note the BRST operator ( |3.10| )) and the 
equations become the appropriately dressed (/, 1) decoupling equations. These latter then 
factorize through the Virasoro generators that constrain the KP tau function. Unfortunately, 
we only observe this fact as an 'experimental evidence', and are unaware of its 'invariant' 
explanation. 

It might be worth emphasizing that, although it is the level-2 decoupling operator (|5.1| ) that 
essentially coincides with the Virasoro constraints, the higher-level decoupling operators do not 
factorize through the level-2 one (which would have been a contradiction); instead, when keeping 
ni = n fixed, so as to have 'the same' Kontsevich-Miwa transform for every level, each of the 
(/, 1) decoupling operators factorizes through a distinct, /-dependent, set of Virasoro generators 
'-p>-i5 whose background charge Q carries an explicit dependence on I as given by (|6.2|) . It 
is instructive, however, that technically, in order to prove the factorization, we were trying to 
factorize a given decoupling operator of a given level through the lower decoupling operators 'as 
far as possible'. The 'leftover', which accounts for the fact that the decoupling operator is not 
in the ideal generated by the lower ones, is such that, after the Kontsevich-Miwa transform, it 
serves precisely to 'correct' the background charges of the Virasoro generators involved. 

To return to the interpretation in terms of differential operators, what we have observed 
can be stated as a theorem on 'meromorphic' differential operators of order /, of the formQ 

= dl + Y: {a,d^' + hd^-'d, + ...)+... (7.1) 

with vanishing zeroth-order part, in (infinitely many) variables Zj. Introducing parameters tr 



To ensure that this corresponds to an (Z, 1) null state, one sets aj = —IniUj with Ui = {I — 1) 
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by eq. (|1.2|) and calling inv the subspace of those functions that depend on the Zj only through 
the we have that the conditions 



[0, Li] =Omod(L>i,i>i), 

[a,L2] =Omod(L>i,i>i), (7.2) 



=Omod(L>i,I>i) 

with 



Li = E 



Zj Zi) 



\2 



d 



dz, 



U = T.(z,-z,f^, (7.3) 



imply that O |inv factorizes through the Virasoro generators ( p, . 1| ) . This reformulation may 
provide an appropriate setting for proving the factorization in general. 

An interesting possibility would be to study the implications for the conformal models of the 
Miwa-transformed |I5[ Hirota bilinear relations. However, to prove that certain properties 
(e. g. fusion rules) of conformal models are equivalent (?) to Hirota-like identities, one has to 
take the latter in the version that, unlike the usual identities, involves Miwa parameters shifted 
as Hk ^ Uk^Tij rather than Uk i-^ rifc ± 1. The demonstration of such 'discrete' identities would 
provide an independent and rigorous proof for our ansatz ( |6.7D for the tau function. 

We have also seen that two different "bosonizations" of the type 

twisted N = 2 =^ matter + 'Liouville' + ghosts 
are possible, resulting in different prescriptions to dress the matter. While the more standard 
DDK case is reproduced by taking spin-2 ghosts, it is the spin-1 ghost system that is required 
to prove the direct correspondence with the integrable formalism. Thus the topological algebra 
may be viewed as capturing the 'invariant' meaning of the theory, be it in the DDK formulation 
or in the guise of constrained integrable hierarchies. 

Let us note that, according to the formula ( p.. 91) , the minimal-model values of the matter 
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central charge d 

p'p 

come from the rational values ^ 

- = l-2(^] 
3 \P'J 

of the topological central charge, so that for p' or p = 1, the corresponding formula f = 1 
becomes that for the N = 2 superconformal central charge c = k = p — 2 (this point of view 
was elaborated recently in The thus distinguished role of the {p, 1) models may explain 

the fact that only for the (/, 1) decoupling operators there is no obstruction to the factorization 
through the Virasoro constraints. 
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